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Abstract 

We consider nonlinear Schrodinger equation with Hartree-type nonlin- 
earity. The case where an exponent describing a shape of nonlinearity is 
negative is studied. In such cases, the nonlinear potential grows at the 
spatial infinity. Under this situation, we prove the global well-posedness 
in an energy class. The key for proof is a transformation of the equation 
by using conservation of mass and conservation of momentum. Because 
of this respect, uniqueness holds under conservation of momentum. When 
the nonlinearity grows in the quadratic order, the solution is written ex- 
plicitly and the uniqueness holds without conservation of momentum. By 
an explicit representation of the solution, it turns out that this kind of 
nonlinearity contains an effect like a linear potential. 

1 Introduction 

This article is devoted to the study of the Cauchy problem of Hartree equation 

id t u+ ^Au = rj(\x\~ u * \u\ 2 )u, 
u(0) = uo, 

where (t, i)eKx R d , d ^ 1, and i] £ R. The function space to which the initial 
data Mo belong will be specified later. We treat the case where the exponent 
v is negative. More specifically, let us consider v € [—2,0). To make notation 
clear, we introduce 7 = —v G (0, 2] and A = —rj, and consider 

id t u+-Au= -\(\x\"< *M>, (nH) 
u(0) = u . 

In what follows, we call (nH) as negative Hartree equation and distinguish it 
from (H) by assuming v 1 7 > 0. 

The Hartree equation (H) and the negative Hartree equation (nH) are gen- 
eralized models of Schrodinger-Poisson system 

idtu + -^Au — Vpu, 

-AVp = M 2 , ( sp ) 

t u(0) = Uq. 
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When d ^ 3 the potential Vp is given by Vp(x) = Cd{\x\~( d ~ 2 ^ * |u| 2 ), where Cd 
is a positive constant. Hence (SP) corresponds to the special case of (H) such 
that i] — Cd > and v = d — 2 > 0. Hartree equation is extensively studied 
after [10] (see [5] and references therein). On the other hand, when d ^ 2 the 
potential Vp has a different form: 

f -±(\ og \x\*\u\ 2 ), (d = 2), 
V P (x) = f 

[--(|x|*M 2 ), (d=l). 

One sees that that the nonlinearity grows at the spatial infinity. In particular, 
when d = 1 (SP) corresponds to (H) with 77 = —1/2 < and v = — 1 < 0, 
that is, to (nH) with A = 1/2 > and 7 = 1 > 0. Then, the negative Hartree 
equation (nH) appears as a generalized model with respect to d and 7. It turns 
out that the nonlinear interaction is defocussing (or repulsive) if A > 0, and 
focusing (or attractive) if A < 0. 

This article is a consequence of [14] in which global well-posedness of (SP) 
for dimensions d = 1 and d = 2 is shown in an energy class (see also [6, 17, 18] for 
one dimensional case). The global well-posedness of (nH) for 7 G (0, 1] follows 
by adapting the arguments in [14] (see Theorem A.l). Hence, in this article 
we concentrate on 7 G (1,2], in which case the growth rate of the nonlinear 
potential is higher than in the previous results. Another type of local existence 
result on (SP) for d — 2 is established in [13]. 

1.1 Main result 1 - the case 7 < 2 

We first sate our result for 7 G (1,2). Throughout this article, we use the 
notation (x) := (1 + l^l 2 ) 1 / 2 for x G R d and denote by F the Fourier transform 
in R d ; 

F/(0 = (27r)- d / 2 / e-***f(x)dx. 

JR d 

For nonncgative s and r, we define a function space S s ' r by 

£ s < r = Z s - r (R d ) ■= {/ g H s (R d )\ (x) r f(x) G L 2 (R)} 

with a norm \\f\\^ 3 ,r ■= ||/||^(Rrf) + WW f\\i*(R*y where H s stands for the 
Sobolev space. Let us introduce an energy 

E[u{t)\ = \ ||V U (i)|| 2 L2 - - ff \x- y \i\u(t, x)\ 2 \u(t, V)\ 2 dxdy, 

a center of mass 

X[u(t)}= [ y\u(t,y)\ 2 dy, 

JR d 

and a momentum 

P[u(t)} =Im[ u(t,y)Vu{t,y)dy = [ £\¥u(t,Q\ 2 d£. 

JR d jR d 

Notice that E[u], X[v], and P[w] make sense for u G S 1 ' 7 / 2 , v G S° 4 / 2 , and 
w G If 1 / 2 , respectively. 
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Theorem 1.1. Let d ^ 1, 7 e (1,2), and A e E. Tften, (nH) is ^06- 
oiij/ well-posed. More precisely, for u G S 1 ' 7 / 2 , t/iere exists a g/o&a/ solution 
u e (^(RjS 1 ' 7 / 2 ) n C 1 ^; (E 1 ' 772 )') to (nH). TTie solution conserves the mass 
\\u(t)\\ L 2, the energy E[u(t)\, and the momentum P[u(t)]. The solution is unique 
in the following class: 



{we C(R, E 1 ' 7 / 2 ) P[u(t)] = const. } . 



Remark 1.2. 1. We say that uniqueness holds unconditionally if it holds un- 
der C(K; E 1 ' 7 / 2 ). In this theorem, the uniqueness of (nH) holds condition- 
ally since the conservation of momentum is additionally required. For the 
unconditional uniqueness of nonlinear Schrodinger equation with power 
nonlinearity, we refer the reader to [7, 8, 11, 19]. 

2. Conservation of P[u(t)] is equivalent to X[u(f)] = M(sd + b), where M, 
a, and b are defined in (1.3) and (1.4) below. 

3. We have the following bound on i 2 -norms of Vu{t) and {x) 1 ^ 2 u{t) (see 
also Remark 1.6): 



iivt.(*)ii £ .<r: w : w 




4. We show this theorem in a general framework by replacing A|x| 7 with an 
abstract potential in a class of divergent functions (Theorem 3.4). 

Remark 1.3. A formula = A(a)(— A)~t is known for < a < d, where 

A(a) = 2«- d / 2 r(a/2)/r(rf/2 - a/2) (see [16]). If 7 e (0, 2) and if 7 - 2 > -d 
then we have 

-A(|a;| 7 * |u| 2 ) = -7(7 - 2 + d){\x\^ 2 * \u\ 2 ) = A(d + 7 )(-A)-^ +1 |u| 2 . 

In a sense, this implies |a;| 7 * = A(d + 7)(— A) , which is an extension of 
the above formula to a = d + 7 > d. 

1.2 Main Result 2 - the case 7 = 2 

We next consider the case 7 = 2. There exists an explicit solution in this case. 
Moreover, uniqueness property holds without conservation of momentum. 

Assume u € S 1 ' 1 and introduce the following vectors and numbers. We 
first let 

M=\\uo\\ 2 L i (1.3) 

and define constant vectors 

a := M _1 P[«o], b:=M- l X[u ], (1.4) 

which represents the (scaled) momentum and the center of mass, respectively. 
Let 

c := ||Vuo||^2 , d := Im J u^x ■ \7u dx, e :— \\xu \\ 2 L2 ■ (1.5) 
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For co € R, we set U^ii) = e^ir+tM 2 ). An integral representation of Uoj(t) is 
known as Mehler's formula. For a vector a, let r a and 7r a be translation operators 
defined by {r a f)(x) = f(x — a) and (n BL f)(x) = e lx ' a f(x), respectively. 



Theorem 1.4. Let d ^ 1, 7 = 2 and A = ±1/2. TTien, (nH) is globally well- 
posed in S 1 ' 1 . Moreover, the uniqueness holds unconditionally. Furthermore, 
the unique solution of (nH) is given % 



7i(t) = < 



exp ( i — £ + i^+(t) ) T at+ b7T a WM(t)7r-aT b"()- 



i/A = l/2, 



where 



i>+{t) 



exp ( i— i + i^-(t) ) r a4+b 7r a W_M(t)7T-aT-bMo, «/ A = -1/2, 



c-M|a| 2 + M(e-M|b| 2 ) 



+ 



4M 3 / 2 
Ma - b 



2M 



sinh"(VMt) + 



sinh(VMt) cosh(V Aft) 

c + M|a| 2 + M(e - M\h\ 2 ) 



AM 



and 



^_(t) 



c- M|a| 2 - M(e- M|b| 2 ) 



4M 3 / 2 



+ 



2M 



sin^(VMt) + 



sin(VAft) cos(V Aft) 

-c + M\a\ 2 - M(e - M\h\ 2 ) 
4Af 



t. 



By a scaling argument, the general A > case and A < case are reduced 
to the case A = 1/2 and the case A = —1/2, respectively. 

Remark 1.5. From the explicit representation of the solution, we can deduce 
that the nonlinearity causes the following three effects on large time behavior 
of the solution. First is the nonlinear phase e l ^ ± W . It is known that if v > 1 
(if 7 < — 1) then the nonlinear dynamics is compared with free one but if v ^ 1 
(if 7 > —1) then it is not and a phase correction must be taken into account 
(cf. long-range scattering [9]). It seems that e l ^ ±< ^ ) is a correction of this 
kind. Furthermore, the linear dynamics of which the nonlinear dynamics can be 
regarded as a perturbation changes from e ltA / 2 into e lt ( A±M M )/ 2 . This is the 
second respect. It is important to remark that this modified linear dynamics 
depends on the mass of the solution. This phenomena occurs at least for 7 > 0. 
When 7 = 0, a solution of (nH) is given by u{t) = e~ lXtM e ltA / 2 UQ, which is a 
free dynamics with a phase correction. Third is the translation in both Fourier 
and physical spaces, which depends only on the momentum a and the center 
of mass b. This represents the motion of the center of mass and is involved at 
least for 7 > 1. 

Remark 1.6. Let 7 = 2 and A = 1/2. A calculation shows 



l|V«|| 



L- 



(cosh(VAft)V + iVMsmh(VMt)x)u 



L 2 



+ M |a| - M cosh(Aft)a + VM sinh(VAft)b 
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and 



'Mxu 



L 2 



(smh(\fMt)V + iVM cosla.(VMt)xj 



'«() 



2 

L 2 



+ M 2 |at + b| 



M 



Hence, ||Vu(i)|| L2 = O(e^) and | 
data (for example, uo(x) = e^' 21 ' 
those for free solutions; II Ve l * A / 2 iio| 



sinh(Mi)a + VM cosh(VMi)b 



xu(t)\\ L 2 = 0{e [ ") as |i| — > oo for a suitable 
). These growth rates are much faster than 

0(\t\) as 



L 2 



0(1) and \\xe ltA / 2 u 



\L 2 



\t\ — > oo. This is because the nonlincarity, which is regarded as a repulsive 
quadratic potential and a remainder, accelerates the dispersion. Carles studies 
effects of repulsive quadratic potentials in [2]. The above exponential growths 
for 7 = 2 arc, in a sense, equalities of (1.1) and (1.2) in the limit 7 t 2. If a 
similar acceleration occurred for 7 < 2 and A > 0, it seems reasonable that the 
time growths of || Vu|| i2 and ||a;ti|| £ 2 are faster than those of free solutions as in 
(1.1) and (1.2). 



1.3 Transformation of (nH) 

What is difficult when we solve (nH) is the fact that the nonlinear potential 
(|x| 7 * |u| 2 ) grows at the spatial infinity. For this, it is hard to apply a usual 
perturbation argument to the corresponding integral equation. To overcome 
this respect, we introduce a transformation of (nH). Let us now observe this 
with a formal computation. 

We consider the case 7 = 2 as a model. The equation is then 

id t u + ^Au = -\(\x\ 2 * \u\ 2 )u. 

The right hand side is equal to 

-AM 2 \\u(t)f L2 u(x) + 2Xx ■ X[u]u{x) - A f \y\ 2 \u{y)\ 2 dyu{x). 

As long as A £ 1, we can expect that ||w(t)|| L2 is conserved. Hence the first 
term is regarded as — AM|a;| 2 u(a;), where M is as in (1.3). Now, u solves 

id t u+)-Au + \M\x\ 2 u = 2\x- X[u]u- \ [ \y\ 2 \u{y)\ 2 dyu. (1.6) 

Although the right hand side of this equation is still divergent, the main part 
of the nonlinearity is removed and so the growth rate is not (9(|x| 2 ) any longer 
but Od^l 1 ) as — > 00. This argument is introduced in [14]. Now, let us go 
one step further. We next observe from (nH) that 

j t X[u{t)]=P[u{t)] 

follows. Similarly, by a formal calculation, one verifies that ^P{u{t)\ = 0. Thus, 
integrating twice gives us 

X[u(t)] = M(ai + b), 
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where a and b are defined in (1.4). Now, we introduce a new unknown 



u(t,x)=e *(7r_ a T_ at _ b u)(a;). (1.7) 

Namely, we work with the center of mass frame. Then, one verifies that u also 
solves (1.6) and X[u(t)} = 0. These facts imply that u is a solution to 

id t u + ]-Au + XM\x\ 2 u = -X [ \y\ 2 \u{y)\ 2 dyu. (1.8) 

Now, the right hand side is bounded with respect to x. Let us further set 

w(t, x) = u(t, x) exp ^-iX J J Jy\ 2 \u(s 7 y)\ 2 dyds^j . (1.9) 

Then, w solves a linear Schrodinger equation idtw + \Aw + XM\x\ 2 w = 0. 
Applying inverses of (1.9) and (1.7), we obtain an explicit solution of (nH). 

The argument in the case 7 e (1,2) is similar. We introduce u as in (1.7) 
and try to solve a modified Hartree equation 

id t u + ^Au + AM |x| 7 x(M)u 

= -A / Ma: - y\~« - |:r| 7 x(M) + ~i{x) 1 ~ 2 x ■ y) \u(y)\ 2 dyu, 

k U(0) = 7T_ a T_ b U0 

(mH) 

instead of (1.8), where x is a smooth non-decreasing function such that x( r ) = 
for r ^ 1 and xi r ) = 1 f° r r ^ 2. It will turn out that (mH) can be 
solved in a standard way because the growth of the nonlincarity of (nH) is 
successfully removed by the transformation. It is important to note that (nH) 
is not a perturbation of free equation id t ^ + (1/2)A^ = any more but of 
id t ip + (l/2)Aip + AM|a;| 7 x(|a;|)i/' = 0, which involves a linear potential. 

Oh considered in [15] the Cauchy problem of nonlinear Schrodinger equation 
with a divergent potential and L 2 -subcritical power-type nonlinearity (see also 
[5]). In particular, the case where the potential is a quadratic polynomial is 
extensively studied. We refer the reader to [1, 2, 3, 4, 12, 20, 22]. 

The rest of this article is organized as follows: We prove Theorem 1.4 in the 
next Section, and Theorem 1.1 in Section 3. 

2 Proof of Theorem 1.4 

Let us prove our theorem for an equation with a harmonic potential 

id t u+ l -Au+^\x\ 2 u^- C -{\x\ 2 *\u\ 2 ) Ul M (0) = U0 GS 1 ' 1 (M d ), (2.1) 

where 77 and ( are real constants. For uj € K and a, b e M d , we define an 
Revalued function g u (t) as 

sinh( v / wt) 



9u(t) = < 



,- bcosh( v / wt), co > 0, 
v w 

at + b, u; = 0, (2.2) 



sinf-v/Mi) , , r. r . 

a — y yL f ' +bcos(VMt), co < 0. 
M 
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Notice that g u (t) is a solution to .g"(t) = cog u (t) with 5(0) = b and g'(0) = a. 

Theorem 2.1. 1. Let d > I, r\ e R, and (ei. T/ien, (2.1) is globally well- 
posed inT, 1 ' 1 . The uniqueness holds unconditionally. Moreover, X[u(t)] = 
Mg v {t) holds. 

2. For a data u Q G S 1 - 1 ^), de/ine M by (1.3) and sei w = 77 + CM. Let 
<7(,(i) fre defined in (2.2) wit/i a parameter 1 G K and f/ie daia a and b 
gwen 6j/ (1.4). Then, the unique solution to (2.1) is written as 

u(t,x) = e^^iTg^Wg^ W 7r_ sL(t) r_ Su , (t) W w (i)u ](a;) 

1 CM C 

w/iere W « s defined with c, d, and e given % (1.5) as follows: 

• If to > fften 

,.. c + cje. _ d 2/ 1— \ c — uie 
ipu{t) = 2^3/2 Slnn (v wt) cosh(Vwt) + — sinh (Vwi) 2w~ ^' 

• if uj = then 

■00 (t) = ^c/j 3 + di 2 + ei; 

• if u> <0 then 

, / \ c + Lje . . — / /1 — tn d .9/ /1 — tn c — ujc 

Mt) = - sm(VMt) cos(/H0 + |-| sm 2 (/H*) + "^jp*" 

Remark 2.2. Thanks to Proposition 2.5 below, Theorem 1.4 immediately follows 
by taking 77 = and £ = ±1 (and so uj ~ ±M). 

Remark 2.3. In general, momentum of a solution is not conserved in the presence 
of a linear potential. Indeed, the solution of (2.1) given in this theorem satisfies 
P[u(t)] = Mg' (t). This is not conserved unless rj — (or uq satisfies a = b = 0). 

Remark 2.4. Up to a translation in both physical and Fourier spaces and 
a nonlinear phase, the solution behaves as U u (t)uo. In particular, we have 
II u Will,* = II^(^) u o|Ilp for a h P- It is worth pointing out that not 77 but the 
exponent uj = n + QM decides the linear profile of the solution. This means that, 
from the view point of change of the dispersive property, the nonlinearity has 
the same effect as by the linear potential. Recall that, however, the motion of 
the center of mass X[u(t)] is governed only by the linear potential. An interest- 
ing case would be n( < 0. In this case, there exists a critical mass M c = —n/( 
such that the sign of u) changes at this value. If || uo | \ L2 = M c then the effect of 
the linear potential is partially removed by the nonlinearity so that the solution 
of (2.1) is a solution of the free Schrodinger equation e l 2~*ito up to a translation 
and a nonlinear phase. 

Proof. Let us first consider the equation 

id t w + ^Aw + ^\x\ 2 w = 0, w(0) = 7r_ a r_ b uo- (2.3) 
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Obviously, a solution is given by w(t) — W u (t)7r_ a T_bUo- One verifies that 
f t X[w{t)} = P[w(t)} and 

±P[w(t)]=u>X[w(t)]. 

Since X[w(0)] = J(y~ b)\u \ 2 dy = and P[w(0)] = P[u ] - Ma = hold, it 
follows that X[w(t)} = 0. Set 

u(t,x) = w(t,x)exp \y\ 2 \w(s,y)\ 2 dyds^ . (2.4) 

Now, it is easy to see that u solves 

ldt u+ l -Au+^\x\ 2 u=- C - f \y\ 2 \u{y)\ 2 dyu (2.5) 

Z Z Z J 9 d 

and u(0) — w(0) = 7r_ a r_bWo- Since |u(f, x)| = \w(t, x)\, it also holds that 
X[u(t)] = X[w(t)] = 0. We introduce g n (t) by (2.2) with the data a and b 
given in (1.4). Recall that g'^ = rjg v (t). Hence, 

id t u + ^Au + ^\x\ 2 u + {r]gn(t) - $/'(*)) ■ xu 

= ( x .X{u}u-^ f \y\ 2 \u{y)\ 2 dyu. (2.6) 

Since u = 77 + CM = r\ + £ \\u(t)\\ L2 , this equation is equivalent to 
id t u+^Au+^\x + g n (t)\ 2 u-g^(t)-xu-^\ grl (t)\ 2 u= -|« J \x-y\ 2 \u(y)\ 2 dy. 

Hence, if we define u by 

u(t,x) =e5/o(l<WI 2 +"I^WI 2 )^(r Sr)(t)7 r s , w w)(a ; ), (2.7) 

then u solves (2.1). It also holds that u(0) — Tb7r a u(0) = Tb7r a 7r_ a T_bMo = uo- 
Combining (2.7) and (2.4), we conclude that 

«(t,x)=e i '/o(lfl;WI 2 +'»l^(-)l !, )«'-( Tfl<)(t)7rfl , (t) 5Z)( a; ) 

= e 45> "^ (t) (r s?j(t )^ (t )^W7r_ a r_bMo)(x), (2.8) 

where 

*vAt) = k [\\9'r,(s) 2 \+v\9n(s)\ 2 )ds+^ f I \y\ 2 \w{s, y)\ 2 dyds 
= J(<7,(*) •<(*)- a- b) + f f f \y\ 2 H S ,y)\ 2 dyds 

L L JO JR d 

Then, Propositions 2.5 and 2.6 show the stated representation of the solution. 

Now, let us proceed to the proof of the uniqueness. Suppose that u\ £ 
C(R;E 1,:L ) is a solution of (2.1) in (S 1 ' 1 )' sense. By the equation, we see 
that ui G C 1 (E;(S 1 ' 1 ) / ) and so that ||«i|| L 2 is conserved and ^X[ui(t)] = 
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P[ui(t)] £ C(R) holds. By Proposition 2.7 below, we obtain P[ui(t)] e C n (R) 
and JjP[ui(t)] = f]X[u 1 (t)\. Then, X[ui{t)] = Mg n (t). Let us introduce 

which is the inverse transform of (2.7). Then, u\ solves (2.6). Since 

A"M*)] = J {y-g r ,(t))\u 1 {t,y)\ 2 dy = X[u 1 {t)]-Mg r ,(t)=0, 
u is also a solution to (2.5). Now, let us further introduce 

wi{t,x) = u 1 (t,x)cxp y J d \y\ 2 \ui( s ,y)\ 2 dyds^J . 

This is the inverse transform of (2.4) since \w\(t, x)\ — \u\(t, x)\. Then, w\ 
solves (2.3) and so Wi(t, x) — w(t,x). Applying (2.7) and (2.4), we conclude 
that u\ is identical to u. □ 

Proposition 2.5. Let k e R and a, b eR d . Define g K (t) by (2.2). Then, it 
holds for all t G M that 

Z4(t)7T_ a T_ b - e-*(9«W-9«W — b V_ fl , ( t )T_ s „ (t) W K (i). 

Proof. Fix e E 1 ' 1 . Let us set w(t) — £/ K (i)7r_ a T_bVs. Then, 
1 K 

i<9 t u; + -Aw + -|a:| 2 ii; = 0, w(0) = 7r_ a r_ b <P- 

Now, we introduce w(t,x) — e^( 9 ''^' 9 ^ t " > ~ a ' h " l [Tg K ( t )'Kgi^t)w{t)\{x). One easily 
verifies that id t w + |Aw + ||a;| 2 w; = and w(0) = f hold, which implies 
w(t) — U K {t)ip. Hence, 

U K {t)<p = e 5(^(*)-^(*)— b )r 9(c(t) 7r 3;s(t) W K (i)7r_ a T_ b ^ 
is valid for arbitrary e E 1 ' 1 . Alternatively, let £ = in (2.8). □ 

Proposition 2.6. Letw(t) = W w (i)7T_ a T_bUo- Define ij) u {t) as in Theorem 2.1. 
Then, 

f f \y\ 2 \w(t)\ 2 dyds = Mt)-M f Ms)| 2 d S . 

JO JM d JO 

Proof. By the previous proposition, we obtain 

\\xw(t)\\ 2 L2 = \\xT_ 9iiiW U u (t)uo\\ L2 = \\xU u (t)u \\ 2 L 2 - M\g u {t)\ 2 , 

where we have used X\lA w (t)uo] = Mg u (t). It therefore suffices to show that 

i>w(t) = Jq \\xM u (s)u \\ 2 L 2 ds. 

Assume co > 0. It is well known that U u (t) is decomposed as U u (t) = 
■Mu(t)T> LU (t)J : M LU (t), where M. u {t) is a multiplication operator defined by 



M u (t) = exp {^^- coth(y/ujt)\x\ 2 ^j 
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and (t) is a dilation operator defined by 



Hence, 



\\xU^t)u \\ 2 L2 = ( Sml ^ t) ) ||xFM u (t)«o||^ 

sinli( v / wt)\ 2 „„ , . . , . .,,2 
-^^J ||V(M u (t)«o)|lL a 

sinh( v / oJt) \ 2 n _ || 2 

1 "VUo + ly/OJ COth(y/Ujt)XUo 



/LO J 



L 2 



c 2d 

— — sinh 2 ( v / wt) H — j= sinh(v / wt) cosh(v / wi) + ecosh 2 (v / wi) 



and so 



ip u (t) = ^ °2 + 3/2 ^ sm h(V^) cosh(v^t) + — sinh 2 (v^i) - 



2cj 

where c, d, and e are constants denned in (1.5). The proof for uj < is similar. 
We omit details. □ 

Proposition 2.7. Let d ^ 1 and i),(eK. Let u € S 14 . Lei u e C(R; S 1 ' 1 ) 
sofee (2.1) m (S ' )' sense. Then, P[u(t)] is a continuously differentiable func- 
tion of time and ^P[u(t)] = T]X[u(t)] holds. 

Proof. Since u e C(R; E 1 ' 1 ), we see that X[u(t)] € C(R). By (2.1), \\u(t)\\ L2 = 
\\u \\ L 2 and jr t X[u{t)] = P[u{t)\ e C(R) hold. Set 



u(t, a;) = a;) exp ^-i^ J J^\y\' z \u(t,s)\ 2 dydsj. 

We have |w(t,x)| = \u(t,x)\ and so X[v(t)} = X[u(t)} and \\v(t)\\ L2 = \\u(t)\\ L2 = 
\\uo\\ L 2. Hence, one sees that v is a solution to 

id t v + ^Av + ^\x\ 2 v = XX[v(t)] ■ xv, v(0) = u , 

where uj = n + (M. Let us introduce a function H(t) € C 3 (R) as follows: 

H(t) = -( j j X[u(a)]rfads, 

where e ^ + 2 e — = cos(y / |tJ|i) if w < 0. Remark that H is a solution of 
H"(t) = wH(t) - (X[u(t)} with H(0) = H'(0) = 0. Further set 

«(t,a;)=exp (-1 jf (\H'(s)\ 2 + w |if( s )| 2 )d^) ^w{t)r H (t)w{t)]{x). 
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Then, w solves id t w + |Aw + ^|a;| 2 w = with w(0) = u 0l and so X[w(t)} = 
Mg u (t) G C°°(M) follows. Hence, we conclude that 

X[u(t)} = X[v(t)} = f (y + H(t))\w(t,y)\ 2 dy = Mg u (t) + MH(t)EC 3 (R), 
which gives us P[u(t)] = f t X[u(t)} G C 2 (M). Moreover, 

- ^["Wl - + MH"(t) 

= Muog u {t) + M(wH{t) - (X[u{t)}) 
= u(Mg u (t) + MH{t)) - (MX[u(t)\ 
= (w - (M)X[u(t)} 
= r 1 X[u{t)]. 

□ 



3 Proof of Theorem 1.1 

We shall prove Theorem 1.1 in a general framework. Consider a generalized 
Hartree equation 

( id t u + l-Au = -((V + R) * \u\ 2 )u, in R 1+d , 

< 2 (gH) 

[ u(0,x) = u , 

where V and R are real- valued functions of x e R d . 

A pair (q, r) is admissible if 2 ^ q, r ^ oo satisfy the relation 2/q = 5{r) := 
d(l/2 — 1/r) e [0,1] (however, we exclude the case (d,q,r) — (2, 2, oo)). For 
nonnegative numbers p, q and r, define 

W™ := {/ G i r (R d ); (V) p /, (V(-)) q/2 f G 

with a norm 

ll.fll w -:=ll(v> p /ll L ,+ 

Let := W™. 

Take a vector- valued function W and set 

K(x,y) = V(x-y)-V(x)+yW(x). (3.1) 

The assumptions on the potential V and i? are the following. 

Assumption 3.1. Suppose that V : R d — > M is a smooth function satisfying 
the following properties: 

(VI) <9"F(x) G L°°(M d ) /or all index a with \a\ ^ 2; 

(V2) T/iere eassf constants C > and k G [0, 1) sucft i/iai | W(z)| C (F(:e)) k/2 ; 



(V(.)> 9/2 / 
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(V3) There eixsts a vector-valued function W such that d a W(x) € L ca (M. d ) for 
all\a\ > 2 and K defined by (3.1) satisfies 

sup Itffo y)| + sup \V x K(x, y)\^C (V(y)) ; 



(V4) There exists a constant C > suc/i iftai (a;) ^ C (V(x)). 

Assumption 3.2. Assume that R satisfies the following. 

(Rl) R e + L 00 ^), w/iere C € [l,oo] and C > d/4. 

(R2) i?+ := max( J R, 0) e L e (]R d ) + L°°(M d ), where 9 e [1, oo] and (9 > d/2. 

Remark 3.3. 1. Roughly speaking, V and i? denote a divergent part and a 
remainder of a (divergent) potential V + R, respectively. When we prove 
Theorem 1.1, we choose V = A|x| 7 x(a;) and R = A|x| 7 (l — xi x ))i where 
X is a smooth radial function such that \ = 1 for \x\ ^ 2 and \ = for 
\x\ 4 1. Notice that A|x| 7 itself does not satisfy (VI). 

2. Sy 1 C S 1 ' 1 / 2 as long as Assumption (V4) is satisfied, under which condi- 
tion X[u] is well-defined for u € . 

3. If (Rl) is satisfied then (R * \u\ 2 )u e (ff 1 )' for u e if 1 . An example of 
i? satisfying (Rl) is the iJ 1 -subcritical Hartree-type nonlinearity; r;|a;| _!y 
with n £ R and < v < min(4, d). 

The main result of this section is the following. 

Theorem 3.4. Suppose Assumptions (VI), (V2), (V3), (V4), (Rl), and (R2) 
are satisfied. Then, (gH) is globally well-posed in H v . More precisely, for 
u e Y,y , there exists a global solution u of (gH) in C(K; T,y )nC 1 (K; (S^ 1 )') 
which satisfies u € L^ oc (R; Wy]) for all admissible pair (q,r) and conserves the 
mass \\u(t)\\ L 2, the energy 

E[u{t)\ = h\Vu(t)f L2 -j [[ (V(x-y) + R(x-y))\u(t,x)\ 2 \u(t,y)\ 2 dxdy, 

(3.2) 

and the momentum P[u(t)]. The solution is unique in the class 

ju G L°°(R, Sy 1 ) n L^.(R, W^'\<_) | P[u(t)} = const. 
Moreover, we have the following estimates: If V 4:0 then 

\\Vu(t)\\ L2 4C, (V(-)) 1/2 u(t) <C<t>*^; 



L- 



otherwise 



\\Vu(t)\\ L2 4C(t)^, (V(-)) 1/2 u(t) €C(ty 



where k is the number defined in Assumption (V2). 
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We now apply the transform observed in the introduction. Then, the prob- 
lem boils down to the Cauchy problem of the following modified version of the 
(gH): 



idtu + 7- Ait + MV(x)u = —u [ K{- ,y)\u(y)\ 2 dy - (R * \u\ 2 )u, 
2 Jr<i 



u(0) = M e s 1,1 



(mgH) 



V ' 



where M is as in (1.3) and K is defined by (3.1) with W given in Assumption 
(V3). If (V3) is satisfied then uj K (•, y)\u(y)\ 2 dy e E^ 1 for u e E^ 1 , where 
3 = 0, 1. 

Denote A := ^A + MV(x). It is well known that A is an essentially self- 
adjoint operator on L 2 as long as Assumption (VI) holds. Moreover, we have 
Strichartz's estimate under this condition ([21]). 

Lemma 3.5 (Strichartz's estimate). Suppose (VI). For any fixed T > 0, the 
following properties hold: 

• Suppose if e L 2 (M. 2 ). For any admissible pair (q, r), there exists a constant 
C = C(T, q, r) such that 

• Let I C (— T, T) be an interval and to € /. For any admissible pairs (q,r) 
and (7, p), there exists a constant C = C(t,q,r,j, p) such that 



t 

e l(t ' s)A F{s)ds 

to 



Li(I;L r ) 



^ C {I;LP') 



for every F e IS*' (I; L p '). 



Lemma 3.6. Let A = ^A + MV(x). Suppose that Assumption (VI) holds. 
Denote by e %tA a one-parameter group generated by A. Let F be an arbitrary 
weight function such that VF and AF are bounded. Then, for all f e £y\ 

e~ ltA Ve ltA f = V/ + iM [ e~ lsA (W) e lsA fds 

Jo 



and 

-itA 



e 



Fe ltA f = Ff + iJ^ e~ lsA \ V F • V + i(AF)J e lsA fds. 
By means of this lemma, it immediately follows from (VI) and (V2) that 
IK^II^.^),^) < Hhy + CT ||e iM *|| i0O(( _ + CT U\\ L2 . 

This implies ||e l *' 4( / , || s i,i ^ C(|t|, M) ||</>|| E i,i . A similar argument shows 1 1 e* tj4 -^>| | ^ 
C(k, \t\,M) ||0|| s fc,fc for any positive integer k. Further, as in [6, Lemma 2.11], 
e ltA 4> is continuous in Sy fc with respect to M for each t and cf> e Sy fc . 
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3.1 Local well-posedness of (mgH) 

We first give a unique local solution to (mgH) . Throughout this subsection and 
the next subsection we suppose that the constant M in the operator A is not 
necessarily equal to ||wo|| 2 2- In what follows, we write L P ((—T,T);X) = L^X, 
for short. The integral form of (mgH) is 

u(t) = Q[u] := e itA u + i [ e l ^ A u{s) f K(x,y)\u(s,y)\ 2 dyds 

Jo Jw d 



+ i I e l(t ' s > A ((R*\u\")u)(s)ds. (3.3) 
Jo 

Proposition 3.7. Suppose that Assumptions (VI), (V2), (V3), and (Rl) are 
satisfied. Let uq e Sy 1 . Define a Banach space 

Ht,s ■= {.f e L°°((-T,T); E^ 1 ); ||/|| Wt < 5}, 

where 

II/II^^II/IIl^ + II/IIl^ 

with q = 8C/d and r — 4£/(2£ — 1). Then, there exists 5o depending only 
on ||uo|| s i,i such that for any S e [<5o,oo), the operator Q given in (3.3) is a 
contraction map from Ht,s t° itself for suitable T = T(5) > 0. 

Proof. We prove that Q is a contraction map in two steps. 
Step 1 

Fix S > 0. We show that the existence of T such that Q[u] € "Ht,<5 as long as 

U € Ht,8- 

Let u e %t,s- We first establish estimates on R. Set R = R\ + R 2 with 
Ri G 1^ and i? 2 € One sees from Young's inequality, Hodler's inequality, 
and Sobolev's embedding that 

\\A((Ri * \u\ 2 )u)\\ L s Lr , < CT 1 -* IliJxIl^ ||V«||*o ia ||u|£»f a ||^|| L ^ 
and 

\\A((R 2 * |n|»|| L ^ L2 < CT \\R 2 \\ Loo |M| 2 ?L2 p U || L » i2 
s$ CT<5 3 , 

where .4 = Id, V or (V r (x)) 1/ ' 2 . By Strichartz's estimate, we have 



Ht-s)A( (Tt . I..2 



HQHIIi-^ + HQHIIuir <c||« || ia + c 



/ X(-,y)| U (y)| 2 rfy 



+ C ||(i?l * |"| 2 )w|| i5 ' L r' + C ||(-R2 * |U| 2 )U|| L 1 L2 
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Since sup,,, \K(x,y)\ < C (V(y)) holds by Assumption (V3), we have 



u I K{-,y)\u{y)\ z dy 

R d 



L 2 



sC \\u(x)K(x,y)\u(y)\ 2 \\ LURd , Ll{Rd)) 
sC \\u(x)K(x lV )\u{y)\ 2 \ 
<C\\u\\ L2 (V(-)) 1/2 u 



\L 1 y (M. d ;Ll(R d )) 



2 

L 2 



Take L\ norm to yield 

u f K(;y)\u(y)\ 2 dy 

JR d 



^ CT\\u\\ L □ ?L 2 ||w|| L oo E ; ; i • 



Hence 



\\Q[u]\\ L ~ L i + \\QH\y TL r < C \\u,\\ L2 + C(T + T 1 -^)S 3 . (3.4) 
We next estimate VQ[u]. By Lemma 3.6, one sees that 

VQM = e UA Vu + ij\ t(t - 8)A V («(*) K(x,y)\u( S ,y)\ 2 dy^ ds 

+ i f e^-s^V ((R* \u\ 2 )u)ds 
Jo 

+ iM [ e l ^ s)A (VV)Q[u}(s)ds. 
Jo 



By Strichartz's estimate, 



||VQ[t 



l|VQN|| L j 



^C\\Vu \\ L2 +C 



LlL 2 



V (u(s) [ K(x,y)\u(s,y)\ 2 dy 

\ JR d 

+ C ||V((i?j * \u\ 2 )u)\\ Lq ^ Lr , + C \\V((R 2 * M»||^ L 2 
+ CM\\(VV)Q[u}\\ l1tL2 . 
Using Assumption (V3), we obtain 

(VK(;y))\u(y)\ 2 dy)u 



< CT 


(V(-)) 1/2 u 







LS?L 2 ' 



(V«) / K{;y)\u{y)\ 2 dy 

R d 



< CT 



L\,L 2 



(V(-)) 1/2 u 



It follows from Assumption (V2) that 



\\{VV)Q[u]\\ l1tL2 
We hence deduce that 



(V{-)) 1/2 QV 



LrSL 2 



LlL 2 



L^L 2 

l|Vu|| 



IIVQMILoo^ + IIVQMH^ 

^C\\Wu \\ L2 +C(T + T 1 -^)S 3 + CMT (V(-)) 1/2 Q[u] . (3.5) 



L2?L 2 
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1 /2 

Let us proceed to the estimate of (V(x)) Q[u]. Apply the second identity 
of Lemma 3.6 with F — (V(x)} 1 ^ 2 to yield 

(V(x))^ 2 Q[u\ 



At A 



(V(x)} 1/2 uo 



i f e^ A (V(x)) 1/2 u(s) f K(x,y)\u(s,y)\ 2 dyd S 

JO JR d 

+ i [ ( 
Jo 

rt 



i(t-s)A 



(V(x)) 1/2 (R*\u\ 2 )uds 



+ e^- s ^ A (v (V(x)) 1/2 • V + 1(A (V(x)) 1/2 )^j Q[u](s)ds. 
Now, Assumptions (VI) and (V3) give us that 



v{v(x)y 



A{v(x)y 



Hence, 

(V(-)) 1/2 Q[u 



L^L 2 



- (V(-)) 1/2 Q[u\ 

(V(-)) 1/2 u +C(T + T 1 -^)5 3 

L 2 

+ CT(||VQM|| L oo i2 + ||QN|| LS?i2 )- (3-6) 
From (3.4), (3.5), and (3.6), we finally reach to 

||QMII WT <Ci|| Uo || E i.i+c 2 (T + T 1 -*)(y 3 + C3r||Q[«]|| WT . 

Letting T so small that C 3 T < 1/2, we see ||<9[m]|| Wt < 2Ci ||uo|| s i.i +2C 2 (T + 
T 1 -^)S 3 . We now choose So := 3Ci ||ito|| s i,i. Then, for any S ^ S , Q maps 
H T ,6 to itself, provided T is so small that 2C 2 (T + T 1 ~£)5 2 s$ 1/3. 

Step 2 

We next show that Q is a contraction map. In the same way as in Step 1, we 
obtain 



\\Q[u] - QM|L„ ^ C 4 (T + T 1_ 4-; 



(3.7) 



for small T and u,v € H T ,s- Letting T so small that 2C 4 (T + T 1_ ~)<5 2 sC 1/2 
if necessary, we conclude that \\Q[u] — QHH^ T ^ (1/2) \\u — v\\ nT . □ 

Proposition 3.8. Suppose that Assumptions (VI), (V2), (V3), (V4), and (Rl) 
are satified. Let u <E Sy 2 - Define a Banach space 



where 



Lt,8 
\S\\l 



{f Z L°°((-T,T);X?); ||/|| It < 6}, 
,2,2 + ||/|| L « ^2,2 toitft g = 8(/d and r = 4(/(2C - 1). 



Then, there exists S depending only on u such that for any S e [5 ,oo), the 
operator Q given in (3.3) is a contraction map from Xt,s to itself for suitable 
T = T(5). 
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The proof is done in a similar way. 

Theorem 3.9. (1) Suppose that Assumptions (VI), (V2), (V3), and (Rl) are 
satisfied. Then, for any uq G Ey 1 , there exists T — T(||uo|| s i,i) and a unique 

solution u e C{[-T,T],Y}^) n L 8C -l d {[-T,T),W^;\ ) of (mgH). T/ie so- 

lution belongs to C 1 ([— T, T], (Ey 1 )') and T, T]; Wy r ) /or all admissible 

pair (q,r), and conserves mass \\u(t)\\ L2 . Moreover, the solution depends con- 
tinuously on the data. 

(2) If Assumptions (VI), (V2), (V3), (V4), and (Rl) are satisfied and if 

|K|| 2 2 =M, X[u o }=P[u }=0 (3.8) 

are fulfilled, then the solution given in (1) conserves energy E[u(t)] defined in 
(3.2) and momentum P[u(t)]. In other words, the Cauchy problem (mgH) is lo- 
cally well-posed in Ey := {m € Ey |uo satisfies (3.8)}. Moreover, the solution 
u solves (gH). 

Remark 3.10. The theorem holds even if we replace Assumption (V2) with a 
weaker one; (V2 ! ) |W(z)| < C(V(x)) 1/2 . 

Proof. For uq e Ey 1 , we choose S and T so that Q[u] becomes a contraction map 
from Ht.s to itself. Then, we obtain a unique solution u € C([-T,T], Ey ) n 
L 8 «/ d ([-T, T], W 1 ' 1 '^ ) of integral version of (mgH). From the equation (mgH), 

">2<-l 

we see that u e C 1 ((— T, T), (Ey 1 )'). Strichartz's estimate gives a bound in 
L q ([-T,T], Wy]l) for all admissible pair. As in (3.7), one gets 

||u - v\\ Ht < C \\u(0) - v(0)\\^ + C(T + T 1 -*)(|| U ||^ T + ||t,||^ T ) || U - «|| Wt 

(3.9) 

for any two solutions u and v of (mgH). From this estimate, we deduce con- 
tinuous dependence of the solution on the data. Now, a use of (mgH) shows 
that 

— \\u(t)\\ 2 L2 =2Re(ii,9i«) E M ;(E i ; i ) , = 0, 

which completes the proof of the first statement of the theorem. 

We now suppose that Assumption (V4) holds and u satisfies (3.8). To justify 
the momentum conservation, we use a regularization argument. Let {uo, n }n be 
a sequence of functions in Ey 2 which satisfies ||uo,n||^2 = M and converges to 
u in E^ 1 as n -> oo, and let u n e C([-T n , T n ], E 2 ; 2 ) n C 1 ((—T n ^T n ) , L 2 ) be 
corresponding solutions of (mgH) with u„(0) = u , n . Notice that T n ^ T/2 for 
large n since ||uo,„|| s i,i converges to ||uo|| s i,i as n — > oo. Thanks to (3.9), u n 
converges to u in 

CQ-T/2, T/2], E^ 1 ) n C\{-T/2, T/2), (E^ 1 )'). (3.10) 

It therefore holds for each n that 



— P[u n (t)} = Im / d t u n (t,y)Vu n (t,y)dy 
at J R d 

+ Im / u n (t,y)Vd t u n (t,y)dy, 
Jm. d 
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which makes sense because Vd t u n £ H 1 . Integrating by parts and plugging 
(mgH), we see that 

±P[u n (t)}= [ \u n (t,x)\ 2 V(W(x)-X[u n (t)])dx. (3.11) 
at j R d 

i 

Notice that the right hand side makes sense because |VWj(x)| ^ C(V(x)) 2 
is valid and Sy 1 C E 1 ' 1 / 2 holds by virtue of (V4), where Wj denotes the j-th 
component of W. Indeed, take y = ej in (3.1) and differentiate with respect to 
x to yield VWj (x) = VK(x,e j )-W(x-e j ) + W(x). By Assumptions (VI), 
(V2), and (V3), one obtains |VW,-(a)| < C (V(x)) 1/2 . We also have 



d_ 

dt, 



X[u n (t)} = P[u n (t)}. 



(3.12) 



Two estimates (3.11) and (3.12) give us 
±(\X[u n (t)]\ 2 + \P[u n (t)}\ 2 ) 

< c (i + KWII^) (\x[u n (t)]\ 2 + \p[u n (t)]\ 2 ) ■ 

Applying Gronwall's lemma, we conclude that 



\X[u n (t)}\ 2 + \PK(t)}\ 2 «S C5 2 e T(1+s ^ \\u n - u \ 
for t G (-T, T), where we have used the estimates 



(3.13) 



\X[u n (0)]\ = \X[uo, n }-X[u o }\ 



y{\uo, n { 



\uo( 



l )dy 



< C \\uo,n ~ M o|| s i,i (||uo,n|| s i,i + || U || E i,i ) 



and 



|P[u„(0)]| = \P[u , n ]-P[u }\ = 



[ awuoAO\ 2 -Wu (o\ 2 n 



^ || M 0,n — "olls^ 1 (|| u : n|| s ^i + ll^ollsj; 1 )- 

Convergence of u n in the topology (3.10) allows us to claim A[u(t)] = P[u(t)\ = 
for t € (— T/2,772). By this fact and the mass conservation, the right hand 
side of (mgH) becomes 



- u ({V * \u\ 2 ) - V(x) \\u \\ 2 L2 + W(x) ■ AM) 



-(V* \u\ 2 )u + MV(x)u~- 0. 



Therefore, u solves (gH). Let us again consider the above sequence {uo. n } n G 
Sy 2 approximating u and the corresponding sequence of solutions {«„}„ to 
(mgH). Conservation of mass allows us to rewrite (mgH) into 



id t u n + -Au n = -((V + R) * \u n \ 2 )u n - W ■ X[u n ]u n . 
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Multiplying this equality by d t u n and integrating real parts of the resulting 
terms, we get 

d_ 
~dt 



: E[u n (t)] = Re J Wu n d t u n dx ■ X[u n ]. 



This calculation makes sense because dtu n is a continuous L 2 -valued function 
and u n satisfies (mgH) in L 2 sense. Since Re / WjU n d t u n dx — \ Im Ju^\7Wj ■ 
Vu n dx, one sees from (3.13) that 

\E[u n (t)} - E[u 0>n }\ ^ I ^ e *( 1 + 52 ) \\u n - uoW^ -> 

as n — > oo for t G (— T, T). By means of the convergence of u n in (3.10), 
\E[u(t)] - E[u{0)}\ < \E[u{t)} - E[u n (t)}\ + \E[u n {t)] - E[u . n ]\ + \E[u^ n ] - 
E[uq}\ — > as n — > oo for t G (— T/2,T/2), which gives us the desired conserva- 
tion law. □ 

3.2 Global well-posedness of (mgH) 

We next extend the above solution of (gH) to whole real line R. 

Lemma 3.11. Suppose Assumption (V2) is satisfied. Let u G C((— T, T); S^ 1 ) 
&e a solution to (gH) i/>zf/i rfaia mq G Sy 1 . Then, it holds that 



(V(-)) 1/2 u 



^cdKiuoa + dtiiivuii^o^) 



for t G (— T, T), where k is the number defined in Assumption (V2). 

WW 



Proof. Let us estimate 
have 

d_ 

dt 



L 2 



because ||w|| L 2 is conserved. For r > 0, we 



M^KrjvWnt) , =2Re(l { | x |^ r} |F|M,a t u) = Im(l {M ^ r} |F|u,Au) 



= Im / (Vu-V\V\)udx, 

J\x\^r 



which implies 

d 
dt 



\V\u(t) 



L 2 



\l {lxKr} \VV\u(t)\\ L2 \\Vu(t)\\ L 2 



Integrating in time and substituting | VVj < C (V) K ^ 2 give us 



1 {\x\^r}v\V\u 



L?°L 2 



^ C 1 1 1*o 1 1 v 1 ' 1 



+ \t\\\Vu\\ L L2 l {lxKr} (V) 1/2 u 



L"r°L 2 



| 1 {|a:Kr}W|| L oo L2 



Since r is arbitrary, we pass to the limit r — > oo and reach to 



(t/) 1/2 U 



LfL 2 



<c\\u \\y+c\t\\\Vu\\ L r L i\\u \\)- 2 K w 1/2 u 



LfL 2 

(3.14) 
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It follows from Young's inequality that 

c|*|||v«|| L oc L2 |Mii K (v) 1/2 u 



1 

^2 



2 



(V) 1/2 u + C K (|t| \\Wu\\ 2 \\u \\]- 2 K )^ 



Plugging this estimate to (3.14), we conclude that 



(v) 1/2 u TooT2 <c\\u \\l 11+ c\\u \\ L2 2 -«(\t\\\vu\\ 2 y 



A blow-up criterion immediately follows from this lemma. 



□ 



Corollary 3.12 (Blow-up criterion). Suppose Assumptions (VI), (V2), (V3), 
(V4), and (Rl) and (3.8) are satisfied. Let u € C((— T m - m , T max ); Sy 1 ) &e a 
maximal solution to (gH). //T max < oo (Vesp. T min < oo,) iften ||Vw(i)|| i2 — > oo 
as 1 1 T max (resp. as 1 1 -T min ). 

Now, the following lemma shows that (mgH) is globally well-posed in Ey 1 . 
More precisely, the solution of (mgH) given in Theorem 3.9 (2) never blows up 
in finite time. 

Lemma 3.13 (Global fl^-bound). Suppose (VI), (V2), (V3), (V4), (Rl), and 
(R2). Let uq S Sy 1 and let u G C((— T m i n , T max ); Sy 1 ) be a corresponding max- 
imal solution to (mgH) which conserves energy E[u(t)] and momentum P[u(t)]. 
Then, we have the following bounds for t e (— T m i n , T max ): 

• IfV ^ t/ien, ||Vu(t)|| L2 C; 

i 

• otherwise, \\\7u(t)\\ L2 < C (t) 1 -" , where k is the number defined in As- 
sumption (V2). 

Proof. If V ^ then 



||v M (t)||i 2 <2i?Kt)] + -||(i?+*|«l 2 )l«l 2 || L1 



i' ii v-,, i / \ii " I , „n 4 i _|_ I ||_R+| 



<2^ ] + C||ii + || LS ||Vn(i)||| 2 ||«on ia 
This gives us ||Vu(f)|| L2 ^ C since 9 > d/2. Otherwise, we have 

\\Vu(t)f L2 ^2E[u } + l [I V(x-y)\u(t,x)\ 2 \u(t,y)\ 2 dxdy 

Z J jRd+d 



K||l,2 



+ -||(i?+*|«| 2 )l«| 2 || L1 
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Since u <G S^; 1 , we have X[u(t)] = 0. Therefore, Assumption (V3) yields 

V(x-y)\u(t,x)\ 2 \u(t,y)\ 2 dxdy 



IS 

J Jm 



d+d 



K(x,y)\u(t,x)\ \u(t,y)\ dxdy 



+ I V(x)\u(t,x)\ z dx / \u{t,y)\ z dy 



+ 



[ W(x)\u(t,x)\ 2 dx-X[u(t)} 



^C\\u \\l 2 (V(-)) 1/2 u(t) 

L z 

Since u solves (gH), plugging the estimate of Lemma 3.11, one sees that 

l|v«|| 2 LrL2 < C + C\t\& ||V«||^ ia + C ||Vu(i)||f 2 . 

By Young's inequality, 

\\Vu\\ 2 LrL2 < C+ Q \\Vu\\ 2 LrL2 + C K (c\t\^) 

+ Ql|v«|| 2 LrL2 + c e ). 

Thus, we conclude that || Vu\\ L oo L2 sC C (t)^ . □ 
3.3 Proof of Theorem 3.4 

We have shown that (mgH) is globally well-posed in Ey 1 . Let us next extend 
the global existence of solution to (gH) for a general data, that is, for a data 
which does not necessarily satisfy (3.8). 

Proof of Theorem 3.4- Take a nonzero uq <G Sy 1 and define a positive constant 
M and d-dimcnsional vectors a and b as in (1.3) and (1.4), respectively. Set 
vo(x) = (7r_ a r_bUo)(a;). One easily verifies that vq satisfies (3.8). Namely, 
v e ^y 1 - Then, applying Theorem 3.9 (2) and Lemma 3.13, we obtain a global 
solution u of (gH) which conserves the mass, the energy, and the momentum. 
The solution depends continuously on vo, and so on u$ (Recall that e ttA <p is 
continuous with respect to the parameter M in A). We now define a function 

u by u = exp(i-^-t)r a t+b7r a w as in (1.7). Then, u belongs to the same class as 
u and solves (gH) with u(0) = u . The solution u conserves the mass because 

\Ht)\\ L2 = \\u(t)\\^ = \\vo\\ L2 = \\u \\ L2 . 

Similarly, 

||Vu(t)|£ a = \\Vu(t)+z a u(t)\\ 2 L2 

= \\Vu(t)\\ 2 L2 -2 a -P{m] + \ a \ 2 \\u(t)\\ 2 L2 
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and 



// V(x-y)\u{t,x)\ 2 \u{t,y)\ 2 dxdy= [[ V(x - y)\u{t,x)\ 2 \u(t,y)\ 2 dxdy 

J JM 2d J Jl M 

hold. These give us the conservation of energy 



E[u(t)}=E[^t)}- a ,.P[u(t)} + l^\ 2 \\m\\l 



= E[v Q ] - a • P[v ] + l|a| 2 K|| 2 2 = E[u ] 
and the conservation of momentum 

P[u(t)] = Im f u{t,y)(Vu(t, y) + iau{t, y))dy 

JR d 

= P[u(t)} + a\\u(t)\\ 2 L2 =P[t) ]+aM = P[u ]. 

The estimate on ||Vu(i)|| L2 is given in Lemma 3.13, and then the estimate on 
(V{-)) 1/2 u{t) follows from Lemma 3.11. 

L 2 

So far, we have shown all the statement except for the uniqueness. Let 
w € L°°([—T, T], Sy 1 ) n L 8 ^ d ([-T,T], W h \^_) be another solution of (gH) 

with w(Q) = u which conserves P[w(t)}. Then, d t w e L°°((-T, T), (E^ 1 )') 
holds from (gH). We define w e L°°([-T, T], E^ 1 ) n if v/ d (R, VK 1 / 1 4C ) as 

V> 2C-1 

in (1.7). Then, v is also a solution of (gH) and conserves the momentum. 
Since X[v(0)\ = P[v(0)} = 0, we can see that X[v(t)} = 0. Now, d t v e 
L°°((— T, T), (E^ 1 )'). Multiply (gH) by and integrate its imaginary part to 
yield ||w(i)|| L 2 = 11^(0)11^2 = ||uo|| i 2- Then, we deduce that v solves (mgH). By 
the uniqueness of (mgH), we obtain v — v. Back to the transform (1.7), this 
implies w = u. □ 



3.4 Proof of Theorem 1.1 

Now, we are in a position to complete the proof of our main theorem. Set 

V(x) = \\xp X (x), R{x) = X\x\"(l- X (x)), (3.15) 

where x is a smooth radial non-decreasing (with respect to \x\) function such 
that x = 1 for \x\ ^2 and \ = for \x\ ^ 1. One immediately sees that R € L°° 
and Assumptions (Rl) and (R2) are fulfilled with ( = 8 = oo. Thus, Theorem 
1.1 follows from Theorem 3.4 if we prove that V satisfies Assumptions (VI), 
(V2), (V3), and (V4). We shall demonstrate merely (V3) since the others are 
trivial. Remark that (V2) holds with k = 2 ^ 7 ~^ and that k < 1 if and only if 
7 < 2. 

Lemma 3.14. Let 7 e (1,2] and 

K(x, y) = \x — y\~' — \x\~* + 7|a;| 7 ~ 2 x • y. 
There exists a positive constant C depending only on 7 such that 

sup \K(x,y)\^C\yp. 
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Proof. The case y — is trivial. We hence hx M. d 3 y ^ 0. It immediately 
follows that 

sup \K(x, y)\ < 3T|i/|T + 2 7 |y| 7 + T 2^~ 1 |j / r ^ C|y| 7 . 

s,|x|<2|j/| 

We now consider the case |x| ^ 2|y|. An elementary computation shows that K 
is written as 

K{x lV )= J — \x - ay\~>da + -f\x\~<-' 2 x ■ y 

= — ~f\x — ay\' y ~ 2 y ■ (x — ay)da + "f\x\' y ~ 2 x ■ y 
Jo 

= l\v\ 2 f a\x — ayp~ 2 da — "/x ■ y ( ( — bayp~ 2 dbda 

Jo Jo Jo o° 

= l\y\ 2 / a \ x - ay\t~ 2 da 

+ 7(7 — i)x ■ y / / \x — bay\~ , ~ 4 ay ■ (x — bay)dbda 
Jo Jo 

=: Ki{x,y) + K 2 {x,y). 
For any integer to ^ 2, it holds that 

sup |^ 1 ( 2 ;,y)K7M 2 [ 1 a((m-l)\y\y- 2 da= - 7 \y\\ 

x,m|i/|<|x|<(m+l)|j/| Jo 2(771—1) T 

Therefore, 

SUp < SUp — — — = 

x,|s|^2|s/| m^2A m_i J 7 2 

Similarly, we have 

sup \K 2 (x,y)\ 

< 7 (4-7)(TO+l)|y| 2 / / ((m-l)\y\y- 4 a((m + l)\y\ 2 )dbda 
Jo Jo 

7 (4- 7 )(to + 1) 2 
2(to- l) 4 -^ m ■ 

Since sup TO>2 (m + 1) 2 (to — 1) 4 ~ 7 = 3 2 , we conclude that 

\v ( u*- 7(4-7)(^+l) 2 , | 7 97(4-7) 
sup \K 2 {x,y)\ < sup — — |y| 7 = |y| 7 , 

x,|x|^2|j/| m>2 4\jn — 1J ' 2 

which completes the proof. □ 

Proposition 3.15. Let V fee as in (3.15). 1/76 (1,2) then V satisfies As- 
sumption (V3) with W(x) — —X-fx (x) 7 ~ 2 . More precisely, if we put 

K(x, y) = \\{\x - y\)\x - y| 7 - Ax(M)M 7 + A7 (a;) 7-2 x ■ y, 
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then there exists a positive constant C depending only on 7 and A such that 
sup \K(x,y)\^C( y y , sup \V x K(x,y)\^C(y). 

x£M d igf 

Proof. For simplicity, let A = 1. Let K be as in Lemma 3.14. We deduce that 
sup \K(x,y)-K(x,y)\^2 1+ ~< + sup \j(\xp- 2 - (x^x ■ y\. 

x£R d ieM J 

Let us estimate the second term of the right hand side. An elementary calcula- 
tion shows 

\x\ v - (x) v = - / d a (a + \x\ 2 )^da = ~ f\a + {x^^da 
Jo * Jo 

for any v, and so 

sup | 7 (kr- 2 - (xy- 2 )x ■ y\ < ^-^\y\ ^ C (y) . 
\x\21 2 

It is obvious that 

sup - {x)i- 2 )x -y\^C{y). 

Then, the first inequality follows from Lemma 3.14. 
Let us proceed to the second inequality. Notice that 

V x K(x, y) = 7|z - y\ J ^ 2 (x - y)x(\x - y\) + \x- y| 7 VxO - y\) 
- 7 \xr 2 x X (\x\)-\x\^ X (\x\) 

+ 1 (xy- 2 y + 1 ( 1 -2) (xy- 4 (x-y)x. 

Since Vx(|a;|) = for \x\ < 1 and \x\ ^ 2, it holds that 

sup \\x - yp\7 x (\x - j/DI + \\xp\7 x (\x\)\ ^ 2 7+1 \\V X \\ L oo ■ 

x£R d 



We also deduce that 



SU p\(x)' y - 2 y\ + \{xy- i (x-y)x\^C\y\ 

xGM d 



for 7 e (1, 2). Now, It holds that 

I a; - y| 7 ~ 2 (x - y)x(|a; - y\) - |x| 7 - 2 xx(M) 

= / a a |x-ay| 7 " 2 (x-ay)x(|a;-aj/|)da 
Jo 

= (2 - 7) / I a; - ay| 7 ~ 4 y • (x - ay)(x - ay)x(\x - ay\)da 
Jo 

- / \x - ay^^yxdx - ay\)da 
Jo 

- / \x - ay| 7 ~ 3 y • (x - ay) X '(\x - ay\)da. 
Jo 
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Notice that sup^g 



17-2 



x(|x|)| ^ 1. Hence, the first term of the right hand 



side of above equality is estimated as 



sup 



Jo 



x-ay\"> y ■ (x - ay)(x - ay)x{\x - ay\)da 



^\y\ sup sup \x-ayp 2 x{\x - ay\) ^ \y\. 
o^a^i xem. d 

One can obtain similar estimates for other terms. Thus, we conclude that 



sup \\x - y\ 7 2 (x - y)x{\x - y\) - |z| 7 2 xx(\x\)\ ^ C\y\. 



cGR d 



□ 



A Global well-posedness of (nH) for 7 G (0, 1] 

Here, we adapt the abstract theory established in Section 3 to the case 7 G 
(0,1], which is characterized as the case where Assumption (V3) is satisfied 
with W = 0. In such a special setting, results in Section 3 become better. This 
is because we do not need the conservation of momentum any longer. As a 
result, Assumption (V4) can be removed and the uniqueness holds in the class 
in which the solution lies (without the conservation of momentum). 

Theorem A.l. Let d ^ I, 7 G (0,1], and A G M. Then (nH) is globally 
well-posed in £ 1,7 / 2 . Moreover, the uniqueness holds unconditionally. 

This theorem is an immediate consequence of the following. 

Theorem A. 2. Let Assumptions (VI), (V2), (Rl), and (R2) be satisfied. Also 
suppose that (V3) holds with W = 0. Then, (gH) is globally well-posed in Sy 1 . 

Remark A.3. In Theorem A.2, the uniqueness holds in u G C(R, S|; 1 )nLf o C c /d (R, W 1 ' 1 4C ), 

where £ is the number defined in Assumption (Rl). If we can choose ( = 00, 
then the uniqueness holds unconditionally. 

Proof of Theorem A.2. We choose W = and let u be the unique local solution 
of (mgH) given in Theorem 3.9 (1). By the conservation of mass, the right hand 
side of (mgH) becomes 

-u (V * M 2 ) - V(x) \\u Q \\ 2 L2 ^ = -{V * \u\ 2 )u + MV(x)u. 

Hence u solves (gH). Energy conservation follows from this fact as in the proof 
of Theorem 3.9 (2). 

By Lemma 3.11 and energy conservation, we have 

||Vu|£oo ia < C + C\t\& HVuH^ + c \\vu\\i rL2 

1 

as in the proof of Lemma 3.13. This yields ||VM|| i0 o £ 2 ^ C (t) 1 -» . Hence, again 
by Lemma 3.11, one sees that never blows up in finite time. 

We shall prove the uniqueness. Let v G (^(MjSy 1 ) be another solution of 
(gH). One verifies that v conserves mass and so that v solves (mgH). Thus, we 
conclude from the uniqueness of (mgH) (given in Theorem 3.9 (1)) that u = v 
follows. □ 
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Proof of Theorem A.l. Take a non-decreasing function \ so that x(r) = for 
r < 1 and xi r ) = 1 for r ^ 2. We put V(x) — A|x| 7 x(|a;|) and R(x) = 
\\x\~i{l - x(M)). It is obvious that R e L°° satisfies (Rl) and (R2) with 
( = 8 = oo and that V satisfies Assumption (VI). Wc infer that (V2) is ful- 
filled with k = 0. Furthermore, (V3) follows with W = from the estimates 
\\V(x -y)-\x- y\i\\ L „ < 2T, - |x|T|| ioo < 2\ and |||x - y^ - Isp^ < 

|y| 7 . Hence, Theorem A.l follows from Theorem A. 2. Uniqueness holds uncon- 
ditionally since we can chose ( = oo (see Remark A. 3). □ 

We can also obtain results on 

id t u + ^-Au = -A(log \x\ * \u\ 2 )u, 

Z (A.lj 

u(0) = w , 
where (t,x) e R 1+d . 

Theorem A. 4. Let d ^ 1 and A e E. Then (A.l) is globally well-posed in 
{/eff 1 ; (log(x)) 1/2 .f £L 2 }. 

This reproduce [14, Theorem 1.1] when d = 2. The proof is similar to that of 
Theorem A.l. We choose V(x) = Xx{\x\) log \x\ and W(a;) = A(l— x(|x|)) log |x|. 
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